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GLOSSARY 


2 

A - Area*  of  projectile  upon  which  forcing  function  acts  in.  , 
Equation  5 

A1  - dA/dx,  Equation  17 

C - Constant,  Equation  4 

c - Wave  speed  = ^E/p-p  ft /sec,  Equation  17 

D - Constant  in. , Equation  4 

E - Elastic  modulus,  lb^/in.^,  Equation  16 

F - Forced  acting  on  projectile,  lb^.  Equation  1 

hQ  - Thickness  of  target  plate,  in.,  Equation  1 

k - Constant  of  integration,  Equation  21 

n - Number  of  petals,  Equation  2 

R - Radius  of  end  of  projectile,  in..  Equation  29 

S - Shear  force  on  plug,  psi.  Equation  29 

o 

s - Surface  area  of  projectile,  in.  , Equation  5 
t - Time,  sec,  Equation  15 
u - Displacement,  in.,  Equation  15 

vs  - Striking  velocity  of  projectile,  in. /sec.  Equation  1 

x - Distance  from  tip  of  projectile,  in.,  Equation  1 

Yq  - Compressive  yield  strength,  lbf/in.  , Equation  29 

Y(x)  - Radius  of  projectile  at  corresponding  values  of  x,  in.,  Equation  4 

z - Penetration  of  fuze  into  target,  ft,  Equation  29 

2 “ Acceleration  in  the  z-direction,  ft/sec,2  Equation  31 

*The  subscript  0 denotes  evaluation  at  the  end  of  projectile. 

tThe  subscripts  A and  R denote  the  axial  and  radial  direction, 
respectively. 
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GLOSSARY  (Cont'd) 


a - Half  angle  of  projectile  nose  cone,°»  Equation  1 
gy  - Constants,  Equation  18 

p - Mass  density  of  target,  lb^-sec^/in.^.  Equation  1 

Pj  - Mass  density  of  projectile,  lbf-sec^/in.^,  Equation  15 

o - Stress^  distribution  in  projectile,  psi.  Equation  12 
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INTRODUCTION 


This  work  was  performed  under  the  Fuze  Technology  Program  AH77.  The 
purpose  of  this  study  was  to  determine  the  stress  distribution  in  a gen- 
eralized fuze  by  means  of  an  analytical  representation  of  the  external 
and  internal  stresses  experienced  by  the  fuze  while  penetrating  a thin 
target. 

In  this  study  it  was  assumed  that  penetration  through  a thin  target 
is  accomplished  first  by  plugging  and  then  by  petalling.  This  assumption 
is  similar  to  that  of  Zaid  and  Paul^“^,  who,  in  their  work,  described  the 
failure  mechanism  associated  with  a thin  target  impacted  by  a blunted 
conical  projectile  in  the  same  manner.  The  model  developed  for  plugging 
assumes  that  a disk  or  plug  is  sheared  from  the  target  early  in  the  pene- 
tration process,  and  the  resulting  normal  force  between  projectile  and 
plug  causes  a stress  wave  to  be  generated  at  the  impact  face  which  subse- 
quently moves  at  sonic  velocity  down  the  projectile.  Petalling,  which 
produces  the  force  and  stress  distributions  on  the  surface  of  the  pro- 
jectile, was  analyzed  using  the  model  of  Zaid  and  Paul  ; and  some  of  the 
mathematics  used  in  this  report  is  taken  from  Reference  1.  The  acutal 
projectile  shape  in  this  study  is  a cone  with  a small  spherical  tip;  how- 
ever, in  order  to  avoid  infinite  stresses  associated  with  a point,  i.e., 
the  contact  point  of  the  projectile  tip  with  the  target,  the  assumed  shape 
was  taken  to  be  a truncated  cone  (Figure  1).  It  was  assumed  that  the 
material  at  the  tip  rapidly  deforms  plastically  an  instant  after  impact  so 
that  the  truncation  approximateion  is  reasonable. 


ANALYSIS 

The  stress  wave  propagation  was  assumed  to  be  one-dimensional. 

General  algebraic  equations  were  derived  for  the  force  and  stress  func- 
tions, and  numerical  values  based  on  ballistic  data  were  calculated  and 
plotted.  No  attempt  has  been  made  to  superimpose  the  effects  of  petalling 
and  plugging,  nor  to  consider  stress  wave  reflections  from  the  projectile 
or  target  surfaces. 


1 

M.  Zaid,  and  B.  Paul,  Mechanics  of  High  Speed  Projectile  Perforation, 

J.  Franklin  Inst.,  264,  1957,  117. 

2 

M.  Zaid,  and  B.  Paul,  Normal  Perforation  of  a Thin  Plate  by  a Truncated 
Conical  Projectile,  J.  Franklin  Inst.,  1958,  317. 

3 

M.  Zaid,  and  B.  Paul,  Oblique  Perforation  of  a Thin  Plate  by  a Trunicated 
Conical  Projectile,  J.  Franklin  Inst.,  1959,  24. 
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Figure  1.  Petalling  of  Target  by  Fuze 
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A.  Petal  ling 


l.  Surface  Force  Distribution  ALong  Length  of  Projectile. 

From  Reference  1,  the  axial  and  radial  forces  (Figure  1)  were 
shown  to  be 


Fa  - 2jrpho  v2  tan2  a sin  a x,  (1) 

Fr  * (l/n)27rpho  tan3  a (1-sin  a)  v2  x;  (2) 

and  the  resultant  force  is 

F = (F 1+  (3) 


» 


The  value  of  n has  been  determined  experimentally,  and,  for  most  cases, 

5 is  the  predominate  value.  In  these  calculations,  three  different 
values  of  n were  used  to  show  the  range  of  F and  a.  These  values 
were  n = 4,  5,  and  6.  As  shown  in  Equations  1 and  2,  the  axial  force 
is  independent  of  n,  but  the  radial  force  is  inversely  proportional  to 
n.  However,  both  forces  are  linearly  proportional  to  x. 

For  this  analysis  the  fuze  was  taken  to  be  a solid  truncated  cone  of 
aluminum  with  a total  length  of  1.305  inches  and  a front  and  rear  radii 
of  0.100  inches  and  0.338  inches  respectively.  The  semi-cone  angle  was 
calculated  to  be  11.5°.  Figures  2,  3,  and  4 show  the  axial,  radial  and 
resultant  forces,  respectively,  plotted  as  a function  of  distance  from 
the  tip  of  the  fuze  for  perforation  of  an  aluminum  target  0.06  inches 
thick. 

2.  Surface  Stress  Distribution  Along  Length  of  Projectile 

The  truncated  cone  shape  of  the  projectile  can  be  expressed 
mathematically  as, 

Y (x)  * Cx  + D,  (4) 

V 

where  the  values  of  C and  D are  found  from  geometrical  considerations. 

For  the  projectile  of  this  study  C = 0.203  and  D = 0.100  inches. 

# 

^M.  Zaid,  and  B.  Paul,  Mechanics  of  High  Speed  Projectile  Perforation, 

J.  Franklin  Inst.,  264,  1957,  117. 
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Figure  2.  Axial  Force  on  Fuze  Surface  Due  to  Petalling  versus 
Distance  from  Impact  Surface 
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Figure  3. 


Radial  Force  on  Fuze  Surface  Due  to  Petalling  versus 
Distance  from  Impact  Surface 


Fr,LB(  (Vs  -2000  FF/5EC.) 
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Figure  4.  Resultant  Force  on  Fuze  Surface  Due  to  Petalling  versus 
Distance  from  Impact  Surface 


F.IA  ( V,  '£000  FT/5EC.') 


The  elemental  surface  area  upon  which  the  axial  force  acts  is 


dA^(x)  = 2ttY(x)  ds  sin  a. 


(5) 


and  similarly,  the  elemental  surface  area  upon  which  the  radial  force 
acts  is 


dAA(x)  = 2ttY(x)  ds  cos  a, 


(6) 


Since 


ds  = [l  + (dY/dx)2]  dx. 


Equations  5 and  6 become 


dAA(x)/dx  = 2uY (x)  [l  + (dY/dx)2]  **  sin  a,  and 
dA^(x)/dx  = 2ttY(x)  £l  + (dY/dx) ^]  cos  a. 


(7) 


(8) 

(9) 


Upon  substitution  of  dY/dx  from  Equation  4,  Equations  8 and  9 become 

£ 1 + C2]*  sin  a*  an8 


dA^(x)dx  = 2ttY  (x) 


dA^(x)/dx  = 2ttY(x)  £l  + C2]  ^ cos  a. 


(10) 


(ID 


The  definition  of  stress  is 

a = dF/dA  = dF/dx  * dA/dx. 


(12) 


From  Equations  1,  2,  10  and  11,  the  axial  and  radial  stresses  are 


a.  = Ph 
A o 


v2  tan2  a/  [cx  + D ] [l  + C2]  and  (13) 


o_.=  ph  v2  tan3  a (1-sin  a)/n(Cx  + D)  (1  + C2)^  cos  a.  (14) 

K os 
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Equations  13  and  14  show  that  the  stress  in  the  projectile  decreases  as 
the  distance  from  the  tip  increases.  Figures  5 and  6 are  plots  of  the 
axial  stress  and  radial  stress,  respectively,  as  a function  of  distance 
from  the  tip  of  the  fuze. 

B.  Plugging 

The  idealized  fuze  shown  in  Figure  7 is  assumed  to  be  an  elastic  bar 
with  a modulus  (E)  and  variable  cross-sectional  area  (A) . It  is  also 
assumed  that  the  impact  stress  generates  a stress  wave  which  is  longi- 
tudinal, one-dimensional  and  planar  while  propagating  down  the  fuze. 
Equilibrium  of  the  fuze  requires  that 

fx(<,A)  ■ piA  fr“-  ‘ °-  <15> 


in  which  u and  a are  functions  of  x and  t,  and  A is  a function 
of  x alone. 

The  relation  between  stress  and  strain  is  described  by  the  linear 
Hooke’s  law 


8u 

° = > 


(16) 


/here  gx  is  the  longitudinal  strain. 

Eliminating  o between  Equations  15  and  16  leads  to 


(17) 


which  is  the  fundamental  equation  describing  elastic  wave  propagation 
in  the  fuze.  Considering  the  simplicity  of  the  one  dimensional  assump- 
tions made  above,  a complete  solution  of  Equation  17  is  unwarranted. 
However,  a solution  of  Equation  17,  valid  at  the  moving  wavefront,  is 
required  and  is  given  below. 

The  general  theory  for  moving  wavefronts  is  presented  in  Reference  4. 
The  results  of  that  reference  are  used  herein  without  detailed  re-de- 
rivation. 


^R.  Karpp,  and  P.C.  Chou,  The  Method  of  Characteristics  in  Dynamic 
Response  of  Materials  to  Intense  Impulsive  Loading,  Ed.  by  P.C.  CFTou , 
and  A.K.  Hopkins,  Air  Force  Materials  Laboratory,  W-P  AFB,  Ohio,  1972. 
pp  283-291. 
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Figure  5.  Axial  Stress  on  Fuze  Surface  Due  to  retailing  versus 
Distance  from  Impact  Surface 


( 135/13  0002  = ?A)  101 ‘TJ 


X ( DISTANIE  FROM  TIP),  IN. 

Figure  6.  Radial  Stress  on  Fuze  Surface  Due  to  Petalling  versus 
Distance  from  Impact  Surface 


Figure  7.  Plugging  of  Target  by  Blunted  End  of  Fuze  V 
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It  was  shown^  that  for  any  linear  wave  equation  of  the  form 


92u 

3x2 


1_ 

C2 


32u 

3t2 


= Yu  + g 1“ 

3X 


(18) 


> 


where  y and  8 are  either  constants  or,  at  most  functions  of  x and 


t,  that  the  jumps  in 

3 X 

equations . 

and 

are  governed  by  the 

differential 

d t 

t-  r 

3u  ] 

= 

(3/2)  f 1“  1 , and 

(19) 

dx  L 

3x  J 

L 3x  J 

a_  r 

dx  L 

3u  ] 

3t  J 

= 

(-c3/2)  j^l^J  . 

(20) 

In  Equations  19  and  20,  the  symbol  £f ] denotes  the  jump  of  the  enclosed 
quantity  f,  which  physically  represents  the  difference  between  the 
values  of  f immediatey  behind  and  immediately  in  front  of  the  wave 
front . 


Integrating  Equations  19  and  20  yields 

= k exp(%/Bx)  , (21) 

=-ck  expOs/fkix)  . (22) 

The  above  equations  are  now  applied  to  Equation  17.  Comparing  Equations 
18  and  17  we  see  that  y = 0 and 


0 = -a’  (x)/A(x)  . (23) 

Using  Equations  21  to  23  we  have 

~ - k and  (24) 


4 

R.  Karpp,  and  P.C.  Chou,  The  Method  of  Characteristics  in  Dynamic 
Response  of  Materials  to  Intense  Impulsive  Loading,  Ex.  by  P.C.  Chou, 
and  A.K.  Hopkins,  Air  Force  Materials  Laboratory,  W-P  AFB,  Ohio,  1972. 
pp  283-291. 
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3u 

3t 


-[£]. 


(25) 


The  constant  k may  be  evaluated  by  noting  that  at  x = 0 = t a stress 
magnitude  -aQ  is  applied.  The  final  results  are  thus; 

[£]  ■ -(o„/E)(A0/A)’i  , 

[°]  = ~oo(A0/A)^  , and 

[lr]'-cfe]. 

As  can  be  seen  from  the  above,  the  strain,  stress,  and  particle  velocity 
decrease  inversely  as  the  square  root  of  the  area. 

It  should  be  emphasized  that  the  above  results  in  Equations  26  to  28 
are  vaild  only  at  the  leading  wavefront,  x * ct,  and  for  values  of  time 
less  than  the  time  required  for  one  transit,  i.e.,  hQ/c. 

In  order  to  determine  a from  Equation  27,  aQ  was  calculated  first. 
oQ  was  calculated  from  the  forces  acting  on  the  plug  as  shown  in  Figure 
7.  Using  the  analysis  in  Reference  5,  the  shear  force  resisting  pene- 
tration is 


(26) 

(27) 

(28) 


S = - (55)Y0(2uR)(h0-z), 


(29) 


where  Y0  is  the  yield  strength  in  simple  compression. 

It  was  assumed  that  the  plug  and  fuze  do  not  separate  until  pene- 
tration is  complete.  Thus  a force 


F = a0irR2  , 


(30) 


5 

P.F.  Gordon,  Temperature  Distribution  in  Impacted  Plates,  M73-6-1, 
March  1973,  Frankford  Arsenal,  Phila. , Pa.,  p.  5. 
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acts  on  both  fuze  and  plug.  Equating  the  forces  on  the  plug  to  the 
inertia  of  the  plug  yields 


o0  = (1/ttR2)  [pTrR2hQz  + (%)  (2uR)  (hQ-z)]  . (31) 


It  was  assumed  for  simplicity  that  the  acceleration  on  the  plug 
was  constant  during  penetration  and  equal  to 


z 


Av  - vQ 
At  At 


(32) 


where  A t is  the  transit  time  for  the  target  thickness  in  free  air. 

The  final  values  of  oQ  to  be  used  in  Equation  27  were  obtained 
by  averaging  the  two  values  of  aQ  obtained  from  Equation  31  by  taking 
z = 0 and  z = hQ.  The  final  values  are  aQ  = 52,300  psi  for  vs  = 1000 
fps  and  aQ  = 164,000  psi  for  vg  = 2000  fps.  The  nondimens ional  stress 

is  plotted  from  Equation  27  as  a function  of  distance  down  the  fuze  as 
shown  in  Figure  8.  The  initial  impact  values  of  the  stress  a occur  at 
x = 0 where  o/o0  = 1.  Note  that  by  the  time  the  wave  reaches  the  end 
of  the  fuze,  whose  length  is  1.3",  o/oQ  = 0.28  and  the  stress  has 
decreased  to  14,500  psi  (at  1000  fps)  and  45,900  psi  (at  2000  fps). 

The  static  yield  strength  of  the  fuze  is  about  50,000  psi.  Thus 
the  aQ  values  given  above  exceed  the  static  yield  strength  of  the  material. 
However,  when  a metal  is  loaded  dynamically,  the  yield  point  is  elevated. 
Also  some  of  the  plastic  energy  will  be  used  in  blunting  the  nose. 

These  two  facts,  coupled  with  the  strong  attenuation  discussed  above, 
and  the  very  short  time  for  perforation  of  a thin  target,  indicate  that 
only  a small  amount,  if  any,  of  plastic  flow  can  occur  past  the  vicinity 
of  the  crushed  end. 


CONCLUSIONS 

From  this  study  the  following  conclusions  can  be  made: 

1.  Both  the  axial  and  radial  surface  forces  (stresses)  vary 
directly  (inversely)  with  the  distance  from  the  impact  end  of  the  pro- 
jectile. 

2.  Both  the  radial  surface  forces  and  stresses  vary  inversely 
with  the  number  of  petals  produced. 
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(r/a.CV^IQDO  f T/5EC. ) 


X (DISTANCE  fROll  TIP\IN. 

Figure  8.  Dimensionless  Stress  Due  to  Plugging  versus 
Distance  from  Impact  Surface 


J 


(J/(UV-M  FT/SEC.) 


3.  The  internal  stresses  due  to  plugging  decrease  inversely  as  the 
square  root  of  the  cross-sectional  area. 

> 4.  All  of  the  forces  and  stresses  vary  directly  as  the  square  of  the 

impacting  velocity. 

j 5.  For  the  projectile  geometry  and  velocities  studied  in  this  report 

the  radial  components  of  surface  forces  and  stresses  are  small,  amounting 
to  about  20  percent  and  5 percent,  respectively,  of  the  total  effects.  The 
number  of  petals  produced  has  a negligible  effect  on  the  resultant  surface 
force. 


6.  The  major  stress  on  the  generalized  fuze  is  that  due  to  plugging. 
At  the  impact  end  this  stress  is  52,000  psi  for  an  incident  velocity  of 
1000  fps  and  164,000  psi  for  an  incident  velocity  of  2000  fps.  The 
stresses  due  to  petalling  amount  to  only  a few  percent  of  that  due  to 
plugging. 
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